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Aeroelastic Stability of Periodic Systems with
Application to Rotor Blade Flutter

P. FRIEDMANN* AND L. J. SiLVERTHORNt
University of California, Los Angeles, Calif.

The dynamics of a helicopter blade in forward flight are described by a system of linear differential equations
with periodic coefficients. The stability of this periodic aeroelastic system is determined using multivariable
FIoquet-Liapunov theory. The transition matrix at the end of the period is evaluated by a) direct numerical
integration, and b) a new, approximate method, which consists of approximating a periodic function by a series
of step functions. The numerical accuracy and efficiency of the methods is compared and the second method is
shown to be superior by far. Results illustrating the effect of the periodic coefficients and various blade parameters
are presented.
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Nomenclature
= two-dimensional lift curve slope
= periodic matrix, defined in Appendix A
= generalized aerodynamic load for first flap and lag

mode, respectively
= generalized mass, described in Appendix A
= constant matrix approximation of \(\j/) over /cth

interval
= step function approximation to A(i/f)
= profile drag coefficient
= Theodorsen's lift deficiency function
= blade pitch bearing offset defined in Fig. 1
= terms associated with the elastic coupling

effect described in Appendix A
= flap coefficients (Appendix A)
= generalized coordinate, first normal flap mode
= static value of gi in hover
= perturbation in g± about g^
= approximate transition matrix at end of period
= generalized coordinate, first normal inplane mode
= static value of h\ in hover
= perturbation in hl about h^°
= unit vectors in x, y, and z directions (Fig. 1)
= unit matrix
= length of blade capable of elastic deflection
= lag coefficients (Appendix A)
= generalized mass for first flap and lag mode,

respectively
= described in Appendix A
= described in Appendix A
= blade radius
= constant matrix
= common nondimensional period
= x, y, and z displacement of a point on the elastic

axis of the blade
= heaviside unit step function
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= elastic part of the displacement of a point on the elastic
axis (Fig. 1), veo static value of ve

= elastic part of the displacement of a point on the elastic
axis (Fig. 1), \veo static value of we

= rotating orthogonal coordinate system
= state variable column matrix
= approximate value of y(i//)
= nondimensionalized quantity
= subscripts denote real and imaginary part of appropriate

quantity
= boldface quantities with a " l denote inverse of a

matrix
= differentiation with respect to \l/
= angle of reversed flow region (Fig. 2)
= droop, built in angle of the undeformed position of the

blade measured from the feathering axis (Fig. 1)
= preconing, inclination of the feathering axis with respect

to the hub plane (Fig. 1)
= lock number y = (2pA bR5a/Ib) based on normal flow
= first inplane bending mode
= symbolic quantity having the same order of magnitude

as the displacements v and w
= real part of the /cth characteristic exponent
= first flapwise bending mode
= viscous structural damping coefficients, in percent of

critical damping, for first flap and lag mode,
respectively

= collective pitch angle measured from x-y plane
= inflow ratio, induced velocity over disk, positive down,

nondimensionalized with respect to KQ
= diagonal matrix, containing eigenvalues Ak of R
= diagonal matrix containing eigenvalues Ak of O(T,0)
= advanced ratio
= critical value of u, at which the system becomes unstable
= density of air
= dummy variable in /cth interval
= blade solidity ratio
— fundamental matrix at if/, for initial conditions given at

\l/0, ^>A(^, K) approximate value of <b(il/, \l/0)
= /cth column of <E>(^, \l/0), for initial conditions at \l/0
= azimuth angle of the blade (if/ — Qt) measured from the

straight aft position
= value of i// at end of /cth interval
= imaginary part of /cth characteristic exponent
= natural frequency of first flap or lag mode, rotating

Introduction
aeroelastic problemsVARIOUS aeroelastic problems are usually modeled

mathematically by a system of linear differential equations
with periodic coefficients. Some representative problems of this
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type are the aeroelastic behavior of a helicopter blade in forward
flight, prop-rotor stability in the oblique flight region1 and the
flutter of a panel, in supersonic flow, attached to an oscillating
wing.2

The purpose of the present study is to apply a numerical
method recently developed by Hsu for classical parametric
excitation problems,3"5 and implemented only for relatively
simple systems, 'to the more complicated problem of the aero-
elastic stability of a hingeless helicopter blade in forward flight.
In particular the numerical efficiency and accuracy of the method
will be studied and compared to another method which has
been used in the past.

The problem of determining the stability of periodic systems
has been treated in the literature associated with various fields
such as: a) mathematics, b) linear control system theory, c)
dynamic stability or parametric excitation, and d) rotor blade
structural dynamics.^ Unfortunately, a considerable communi-
cations gap between researchers working in these areas has led
to considerable duplication of efforts. It is the author'^ belief that
the method presented in the present study is one of the most
efficient ones available at the present.

Studies dealing with the effect of forward flight (or periodic
coefficients) on the aeroelastic behavior of helicopter blades
have been primarily devoted to the study of flapping instability
at high advance ratios.1 '6"1 1 A limited number of studies dealing
with the effect of periodic coefficients on coupled flap-lag,12'13

coupled flap-lag-pitch14 motion were also conducted. The case
of coupled flap-lag motion has been, somewhat inconclusively,
investigated by Hall13 using multivariable Floquet theory, the
same problem was also considered by Friedmann and Tong12

but the treatment was limited to low advance ratios (/i < 0.3).
The coupled, linearized, flap-lag-torsion motion has been investi-
gated by Crimi14 using a modified Hill method. In these cases
only a limited number of numerical results were presented.

The mathematical methods used in previous studies dealing
with the effects of periodic coefficients were: a) the rectangular
ripple method,6 b) analog computer simulation,7'8 c) various
forms of Hill's method,14 d) multivariable Floquet-Liapunov
theory,1'10'13 and e) perturbation method in multiple time
scales.11'12 The mathematical method used in the present study
is the Floquet-Liapunov theorem, and the stability of the system
is determined from the eigenvalues of the transition matrix at
the end of one period. The transition matrix at the end of one
period is computed using two methods: a) Hsu's method, and
b) direct numerical integration.

The present study, in addition to demonstrating the effective-
ness and efficiency of Hsu's method for calculating the transition
matrix of large periodic aeroelastic systems, will also clarify
certain important physical aspects of the coupled flap-lag
behavior of hingeless blades in forward flight. In particular it
will be shown how the flapping behavior is modified by the
addition of the lead-lag degree of freedom and the instability
due to forward flight (i.e., periodic coefficients) is compared with
that in hover. Furthermore, the effect of some important
parameters such as: lock number, collective pitch, reversed flow,
and combination of rotating flap and lag frequencies on the
aeroelastic stability of the blade will be considered.

Equations of Motion
The present study is based upon a consistently derived system

of equations of motion for the linearized coupled flap-lag
motion of a cantilevered rotor blade at arbitrary advance ratio;
the derivation of these equations can be found in Ref. 15. The
geometry of the problem is shown in Fig. 1.

The derivation itself is algebraically tedious and will not be
given in this paper. However, for the sake of completeness, the
assumptions used in deriving this system of equations will be
outlined, a) The blade is cantilevered at the hub. It can have an
angle of droop /3D at the root. In addition, the feathering axis

£ A brief review of the pertinent literature can be found in Ref. 15.

Fig. 1 Displacement field of a torsionally rigid cantilevered rotor blade
with droop and preconing.

can be preconed by an angle /JP. The angles fiD and pp are small,
b) The blade can bend in two directions normal to the elastic
axis and is torsionally rigid, c) The deflections of the blade are
moderately small so that terms of 0(eD

2) can be neglected com-
pared to one. d) Moderately large deflections have only a small
effect on the tension due to elastic effects on the blade since one
of its ends is free, thus a linear treatment of the elastic restoring
forces is adequate, e) Two-dimensional quasi-steady aerodynamic
strip theory is used C(/c) = 1 and apparent mass effects are
neglected, f) Reversed flow is included using an approximate
model for reversed flow described in Appendix B (Fig. 2). g) Stall
and compressibility effects are neglected, h) A uniform inflow is
assumed over the rotor disk, i) Only a collective pitch is applied
to the rotor which is not trimmed for forward flight.

Using the assumptions just given a system of nonlinear partial
differential equations for the coupled flap-lag motion of the blade
is derived, with respect to an x, y, and z coordinate system
rotating with the blade (Fig. 1).

Using Galerkin's method for the spatial variable the partial
differential equations, derived using the assumptions given above,
are reduced to a system of ordinary differential equations. For
simplicity these equations are specialized for the case of one
elastic mode for each degree of freedom, the equations for an
arbitrary number of modes can be found in Ref. 15.

In order to clarify the resulting equations, which will be
solved in this paper, the relations for the displacements of the
blade are given below

v = ve-x0pDQ

With these displacements the equations of coupled flap lag
motion of the blade are given by the following ordinary
nonlinear equations :

(2)

BlopD0+AL1 (3)
where the various quantities used in Eqs. (2-4) are defined in
Appendix A.

This system of nonlinear equations is linearized about the
steady-state equilibrium position of the blade in hover, the
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process of linearization consists of expressing the elastic part of
the displacement field as

(4)

Furthermore, for mathematical convenience, the equations of
motion have to be transformed into a system of first-order
equations. This is achieved by using the following notation:

(5)
A§i = y\; A«! =
A0! = y2; A/I! =

For the stability analysis, only the homogeneous part of the
equations of motion is required, thus the equations of motion
in their final form can be written as

f = A(i//)y (6)
where A(i//) is a periodic (4 x 4) matrix defined in Appendix A.
Various coefficients in Eq. (6) will have different values in the
normal and reversed flow region (see Appendix B).

Method of Solution
Floquet-Liapunov Theorem and Its Consequence

The stability investigation of the blade motions is based upon
the Floquet-Liapunov theorem16 which states the knowledge of
the state transition matrix over one period is sufficient in order
to determine the stability of a periodic system having a common
period T. Based upon the Floquet-Liapunov theorem, the
transition matrix for a periodic system, A(i//-f T) = A(\l/\ can be
written as

where
P(if/+ T) = P(\l/) (8)

where R is a constant matrix and P(t) is a periodic matrix.
Clearly the stability of the system is determined by the matrix
R, where R is given by following relation:

A direct result of the Floquet-Liapunov theorem is that the
knowledge of the transition matrix over one period determines
the solution to the homogeneous system everywhere through the
relation

where 0 g \jj ^ T, s any integei.
If R has n independent eigenvalues, a similarity transformation

can be found such that

where the columns of Q are the n-linearly independent eigen-
vectors of R and A is a diagonal matrix whose elements are the
eigenvalues of R. Combining Eqs. (9) and (11) and using the
definition of the matrix exponential16 one has

exp(RT)-Qexp(AT)Q"1

or
exp(AT) = A - Q 1®(T, 0)Q (12)

where A is a diagonal matrix containing the eigenvalues of the
transition matrix at the end of one period. The eigenvalues of

O(T, 0) or the characteristic multipliers are related to the eigen-
values of R, denoted characteristic exponents, through the
relation

exp(/kkr) = Afc k=\,2,...n (13)
Clearly /.fc and Ak are both complex quantities in general, thus

(14)
wk = ( l /T) tan- 1 (A k / /A k l { )

the quantity cok can be determined according to the Floquet-
Liapunov theory only within an integer multiple of the non-
dimensional period.

The stability criteria for the system is related to the eigenvalues
of R or the real part of the characteristic exponents Ck. The
solutions of Eq. (6) approach zero as \l/ —> oo if

|Ak/?
2 + Ak/

2 < 1 or u < 0 /c = 1,2, . . . , H (15)
From the preceding discussion it is clear that the efficient

numerical computation of O(T, 0) is the key to efficient treatment
of periodic systems.

Calculation of the Transition Matrix O(T, 0)
In the present study, the transition matrix at the end of a

common period O(T, 0) is evaluated using two separate methods.

a) Direct Numerical Integration
This straightforward method1-10 consists of evaluating the

columns of <I>(T, 0), by integrating Eq. (6) rc-times. Each inte-
gration yields one column Ofc(i//, i/O of O(T, 0) corresponding to
the initial conditions

The numerical integration was performed using a fourth-order
Runge-Kutta method.

b] Approximate Method for Determining (J>(T, 0)
In a recent series of papers, Hsu3^5 has developed various

methods for approximating the transition matrix during one
period; the most efficient one consists of approximating the
periodic matrix A(i^) by a series of step functions, this method
can be considered to be the generalization of the "rectangular
ripple" method6 to multidimensional systems. The method
consists of evaluating the state transition matrix by dividing a
period into a number of equal parts and considering the
equations over each interval to be a set of constant coefficient
equations. Because the method is new and numerically efficient,
a description of its essential aspects is given below.

Each period T is divided into K intervals denoted by \j/k,
k = 0, 1 , 2 . . . k, with 0 = i//0 < *Ai < . . . i/ffc = T. In the /cth interval
the periodic coefficient matrix A(\l/) is replaced by a constant
matrix C(i/0 defined by

with
iK< 6c«K-i (17)

Thus the actual system, Eq. (6), is approximated by an
approximate system

^;K) = C(^;/C)y^;fC) (18)
where y^(0; K) = y(0) and the subscript A denotes approximate
quantities. The general expression for C(i//, k} in terms of a series
of step functions is given by

QO K
C(\I/;K)= X ^Ck[U(il/-sT-il/k-l)-UW-sT-il/k)']

S = - G O fc -1

(19)
The theory of differential equations with constant coefficients1 6

enables one to write the fundamental matrix (or the transition
matrix) of the system, with O^(0 ; K) = I, as

/ ; K) = ex i)Ck] exp (Cfc- J Ak_ 0. . .exp (d
Fig. 2 Geometry of approximate and exact reversed flow regions. (20)
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from which <$A(T', K] is given by

; K) - (21)

With regard to the product sign n, it is understood that the
order of positioning of the factors is material and the /cm factor
is to be placed in front of the (k— l)th factor. It can be shown5

that when K -» GO, yA(\j/ ; K) -» y(\j/) and Q>A(\I/, K) -> <D(^ t 0) and

The basic numerical problem is therefore the efficient compu-
tation of O^(X). Using the definition of the matrix exponential16

H = l , 2 , . . . o o (22)
For small time intervals A, -> 0, the series in Eq. (22) con-

verges rapidly, and the value of the matrix exponential can be
accurately approximated by a finite number of terms. Thus

j
exp(A, -C/ )^ I+ X• _ i \ / ' /

exp(A,.Q)- £ (^pY (23)

Using the last equation the approximate value of the transition
matrix at the end of the period can be rewritten as

r-
(24)

General error bounds for these approximations are obtained
in Ref. 6. Furthermore, it can be shown the rate of convergence
of the approximation is given by

3>(T,Q)-HA(K) = 0(A,-2) (25)
for J ^ 2.

Finally, it should be mentioned that for both methods used in
evaluating O(T, 0), the eigenvalues of the transition matrix were
evaluated using a Jacobi-type eigenvalue routine.

Results and Discussion
Numerical Quantities Used in the Calculations

In computing the numerical results the following assumptions
were made: 1) Mass and stiffness distribution was assumed to be
constant along the span of the blade. 2) Two different kinds of
mode shapes were used.

a) For the cases when essentially only a study of the properties
of the numerical methods used (i.e., numerical experimentation)
was conducted the mode shapes in flap and lag were approxi-
mated by the first nonrotating assumed mode shape used in
Refs. 12 and 17. When this assumed mode shape was_used, the
ejastic coupling effect, represented by the terms EUS, E^ ^, E± ±cs,
EH" in the equations of motion, was neglected because the
numerical accuracy of the method is independent of the data
used in the calculations.

b) For all the cases, where a parametric investigation of typical
hingeless rotor blade configurations was conducted, an exact
rotating mode shape in flap and lag was employed. The exact
rotating mode shapes were generated by using Galerkin's method
based upon five nonrotating cantilever mode shapes for each flap
or lag degree of freedom.18 For these cases the elastic coupling
effect was included. It should be noted that for the case of
constant mass and stiffness distribution along the blade, there is
a unique relationship between the first rotating and nonrotating
frequencies in flap and lag, these relations are given in graphical
form in Ref. 15.

The coefficients F, L, B'...P1U , etc., were evaluated as
described in Ref. 15. For the cases computed the inflow was
evaluated using an expression for constant inflow ratio in hover,
given by17

A = (0a/l 6)[(1 + 240/oa)1/2- 1] (26)
It should be emphasized that for forward flight a more

complicated relation for the inflow should be used.17 Use of such

1.175
1.28303
10.0

————— RUNGE-KUTTA
———— - Hsu(J = 4)
— — — Hsu (J = 3)
— • • — Hsu (J = 2)

Fig. 3 Comparison of Runge-Kutta and Hsu's methods for a typical
case.

a relation introduces the requirement of changing the value of
advance ratio ju, with the condition of trimmed flight at a fixed
value of the thrust coefficient.17 Experience gained using this
approach17 indicates that for this case it is difficult to determine
which part of the degradation in stability is related to changes
in collective and cyclic pitch, as dictated by the trim requirement,
and which part is due to the periodic coefficients. In the present
study which is aimed at determining the effect of the periodic
coefficients this added complication was deemed to be un-
warranted.

Finally, in all the computations the following values were
used:

Cdo = 0.01; a = 2n; (7 = 0.05; ^ = 0
Various other pertinent quantities are specified on the plots.

Results
Before proceeding with the description of the results it is

important to note that Figs. 3-5 are based upon the assumed
mode shape and for these cases the elastic coupling effect is
neglected. The rest of the figures have been obtained using the
exact rotating mode shapes and for these the elastic coupling
effect is included.

Figure 3 shows the real part of the characteristic exponent
as a function of the advance ratio. Starting the computation at
H — 0, enables one to easily identify the instabilities encountered,
by using results previously obtained for hover.17 In Fig. 3,
results for a typical case, obtained by evaluating O(T,0) by a
fourth-order Runge-Kutta numerical integration, are compared
with those obtained by evaluating H^(T, 0) = O^CT, 0) from
Eq. (24), with different orders of approximation (i.e., for different
values of J). This plot shows that Runge-Kutta and Hsu's
method using a fourth-order approximation to the solution of
the constant coefficient equations in each interval give almost
identical results. As shown, the lag degree of freedom becomes
unstable for ju = 0.754 and the frequency of oscillation is cok =
1.286.

Figure 4 is a plot of the C.P.U. time required on an IBM

I-
§

RUNGE-KUTTA

| O——A——A——A——A——A——A —— A—A-————A——A——^——A——A

i p-y—"-———T—•V.————— ——
3 I \-HsuU=2) \-Hsu(J = 3)

° o I i I . I i I . I . I . 1 i I
0.2 0.4 0.8 1.0 1.2 1.4

Fig. 4 Variation of CPU time to compute transition matrix with
advance ratio.
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.002

.004

Fig. 5 Comparison of Runge-Kutta and Hsu's methods for a case with
high fr.

«
5 .02

-0-.06

Fig. 7 Effect of collective pitch setting on a typical case.

360/91 computer to calculate the Floquet transition matrices for
the four cases depicted in Fig. 3. As shown on the figure, Hsu's
method, even using a fourth-order approximation, is compu-
tationally much more efficient than the fourth-order Runge-
Kutta numerical integration scheme. The gradual increase in
C.P.U. time for the Runge-Kutta method at n = 0.8 is associated
with the piecewise continuity of the reversed flow region.

Figure 5 is a comparison of results between fourth-order
Runge-Kutta and Hsu's method for a case that has a relatively
high value of /ic. Again the results compare favorably even for
high values of //.

Additional numerical experimentation indicated that the best
results are obtained by dividing a blade revolution into a number
of intervals between 35 < K < 50.

The importance of the reversed flow region is illustrated by
Fig. 6. As shown, with the reversed flow region the instability
occurs at a higher value of /x than without the reversed flow
region. Similar trends were observed in previous studies when
only the flapping motion was considered,9 indicating that by
neglecting the reversed flow region one could expect conservative
results from a stability point of view.

It is also clear from Fig. 6 that the difference in fj,c due to
inclusion of the reversed flow region, for ̂  ̂  1.0, is approximately
7%. Thus, the approximate representation of the reversed flow
region, described in Appendix B, cannot significantly affect the
accuracy of the results presented in this study.

It is also interesting to note from Fig. 6 that the reversed
flow region becomes significant only for advance ratios greater
than 0.7. Figure 6 also indicates that stability improves when
the working part of the blade on the retreating side begins to
become immersed in reversed flow.

The effect of collective pitch setting on blade stability is
illustrated by Fig. 7 for the typical case OJFI = 1.175 and coL1 =
1.28303. As shown for a low value of collective pitch setting

WITH REVERSED FLOW

1.2 1.4

0 = 0.05 the lag degree of freedom becomes unstable at \LC = 1.435
and a)k = 1.279. For a high value of collective pitch setting
9 = 0.30 the lag degree of freedom becomes unstable at juc = 0.535
with a frequency of a>k = 1.332. These results seem to indicate
that the use of a trim procedure, such as developed in Ref. 17,
will be required in realistic stability calculations in forward
flight. Furthermore, it seems that the assumption of nonlifting
rotors used in some forward flight studies can be nonconservative.

Figure 8 illustrates the effect of the Lock number, based on
normal flow, on the stability of the blade in forward flight. As
shown, an increase in the value of y tends to destabilize the
blade in the lag degree of freedom. For y — 5.0 the lag degree of
freedom becomes unstable at \ic — 1.425 and wk = 1.283, for
y = 10.0 the lag degree of freedom becomes unstable at juc = 0.583
and cofe = 1.295, and for y = 15.0 the lag degree of freedom
becomes unstable at /*c = 0.568 and a)k = 1.294.

Hingeless helicopter blades are usually designed with a first
rotating flap frequency of 1.1 ^ a>Fi ^ 1.2. Thus the value of
o>Fi = 1.175 used in the numerical calculations can be considered
to be a representative value for this parameter. On the other hand
the rotating lag frequency for hingeless blades has usually a
considerable variation, therefore it is reasonable to investigate
the effect of changing this parameter over a wide range such as
0.2 ̂  a)Ll 5i 2.5; the results are presented in Fig. 9.

First it should be noted that two kinds of instabilities are
shown in Fig. 9: those associated with flap degree of freedom
marked by squares, and those associated with the lag degree of
freedom marked by circles. As shown at least for half of the
cases, the triggering mechanism for the instability is associated
with the lag degree of freedom. Thus the lag degree of freedom
should be included in blade stability and response calculations
in forward flight and probably the same is true for the torsional
degree of freedom.

Furthermore, Fig. 9 also illustrated that the instabilities which
occur are usually characterized by two distinct types of
frequencies:

a) those for which the imaginary part of the characteristic
exponent is equal to 0, i, or 1 indicating that the instability is

u}F1 = 1.175
<DL1 = 1.283
<r = 0.05;0= .15

Fig. 6 Effect of reversed flow on the characteristic exponent for lag. Fig. 8 Effect of lock number on characteristic exponent for lag.
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Fig. 9 Effect of variation in rotating lag frequency on //,..

directly due to the periodic coefficients in the system, for these
points the appropriate number appears inside the circles or
squares indicating the stability boundary; and

b) those for which cofc has a continuous value, usually close to
the rotating lag frequency, marked by letters A', B', C etc. For
these points the instability is due to an aerodynamic coupling
term associated with the lag equation described in Ref. 15.

As can be seen from Fig. 9 there are two regions where
degradation of stability can be expected with forward flight. One
region is between 0.9 <; o>Li ^ 1.6. While a second and much
smaller region is between 0.45 < wLl < 0.55, the detrimental
effect of forward flight for this region has been predicted also
from purely mathematical considerations.12

The results presented in Fig. 9 seem to indicate that at high
advance ratios a soft inplane hingeless blade with 0.7 < d)L1 < 0.8
will be the most stable; while for a stiff inplane hingeless blade
a lag frequency of a>L1 > 1.6 would be the best.

Finally, it should be noted that, although the points in Fig. 9
have been connected by lines, a possibility exists that additional
flutter points which could be evaluated between the calculated
points may not be exactly on the lines as drawn, this is due to
the periodicity of the coefficients in the equations of motion.

Conclusions
The major conclusions obtained from the present study are

summarized below. They should be considered indicative of
trends and their application to the design of a helicopter blade
should be limited by the assumptions used.

1) Hsu's method for calculating the Floquet transition matrix
at the end of a period is a powerful computational scheme which
represents a significant improvement over previous methods.
Compared to direct numerical integration, Hsu's method was
approximately 2.5 times faster for a system of four first-order
equations. For larger systems, it probably could be more
efficient by a factor of n, where n is the size of the A(i/f) matrix.
Multivariable Floquet-Liapunov theory coupled with Hsu's
method is a general and efficient tool for determining the
stability of periodic aeroelastic systems.

2) Flapping instability and response studies at high advance
ratios can be inaccurate and misleading because of the neglect
of the lead-lag degree of freedom. The effect of the periodic
coefficients on the coupled flap-lag system shows that, in general,
instability can occur at lower values of advance ratios than when
the flap degree of freedom is considered by itself.

3) The value of the collective pitch setting has a considerable
effect on the value of the advance ratio at which instabilities due
to the periodic coefficients or the aerodynamic coupling terms
occur. An increase in collective pitch is destabilizing, therefore

high advance ratio studies which do not include this effect (non-
lifting rotors) may yield nonconservative results.

4) The results obtained seem to indicate that certain values of
rotating lag frequencies can provide improved aeroelastic
performance for hingeless blades at high advance ratios.

Appendix A: Elements of the A-Matrix and
Definition of Various Quantities

The elements of the A(i/^)-matrix, which defines the equations
of motion when written as first-order differential equations, are
given below

= 1 ; = A42 = A44. = 0

—l

4-) -
K/ L

7 —

A13 =
F1

" COS \l/ + — (1 4- COS

1
+

D
MF1

cos

L172 —
R

1(1 +cos 2l/0-
1

&Tl

L13/l — 0-
R
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For completeness, the definition of the various quantities
used in the equations presented above is briefly describee^

The quantities MF1, ML1, P in, S l l l f (My)m, 5' are
generalized mass integrals defined in Refs. 12, 15, and 17.

The quantities F, L' are aerodynamic integrals associated with
the generalized aerodynamic forces AFi and ALl defined in
Ref. 15.

The quantities £n
s, £n", En

s, and £n" are elastic coupling
terms due to the collective pitch setting of the blade defined in
Ref. 15. Finally, the quantities g^0 and hi° are the steady-state
deflections at the tip of the blade in hover, defined in Ref. 15.

Appendix B: Approximate Representation of the
Reversed Flow Region

The approximate reversed flow model developed for the
present study consists of replacing the circular region7 by an
approximate region which is a circular sector as shown in Fig. 2.
The approximation is based on the assumption that the area
contained in the circular sector must be equal to the area
contained in the approximate region. Two separate cases must
be considered : 1) \JL < 1, 2) // ^ 1.

Case 1 : For ^ < 1, the radius of the circular part is taken
as p. Simple geometric considerations show that the angle a is
always a constant, given by a = 7t/2.

Case 2: For u ̂  1 simple geometric considerations show that
a - TT- 2 sin" 1 (l/rf + u2 sin" l (l//x)-(/z2 - 1)1/2

The generalized aerodynamic forces AFl, AL1 in the reversed
flow region are evaluated using the assumption that the lift curve
slope in the reversed flow region is equal to the negative value of
the lift curve slope in normal flow.15
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